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Abstract
Let X be a continuum. Suppose that there exists a homeomorphism h :C(X)→ cone(Z), where
C(X) is the hyperspace of subcontinua of X and Z is a finite-dimensional continuum. In this paper
we prove that if Y ∈ C(X) and h(Y ) is the vertex of cone(Z), then Y has the cone = hyperspace
property, X− Y has a finite number of components and each one of them is homeomorphic either to
[0,∞) or to the real line.
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Introduction
A continuum is a compact connected metric space. The set of positive integers is
denoted by N. A map is a continuous function. For a continuum Z, the cone over Z
is denoted by cone(Z), the vertex of the cone is denoted by v(Z), the base of cone(Z)
is denoted by B(Z) (i.e., B(Z) = {(z,0) ∈ cone(Z): z ∈ Z}), and the natural projection
from cone(Z) − {v(Z)} onto Z is denoted by π . For a continuum X, the hyperspace of
subcontinua of X is denoted by C(X) and it is considered topologized by the Hausdorff
metric H . Let F1(X)= {{x} ∈ C(X): x ∈X}. A simple n-od is a continuum which is the
union of n of arcs A1, . . . ,An such that Ai ∩ Aj = {p} if i 
= j , where p is an end point
of each Ai . A simple triod is a simple 3-od. If A,B ∈ C(X) and A⊂ B 
=A, an order arc
from A to B is an arc A in C(X) such that A joins A and B and if C,D ∈A, then B ⊂ C
or C ⊂ B . The existence of order arcs is guaranteed by [13, Theorem 14.6].
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A continuum X is said to have the cone = hyperspace property provided that there
exists a homeomorphism h :C(X) → cone(X) such that h(X) = v(X) and h({x}) =
(x,0) for each x ∈ X (or equivalently, it can be asked only that h(F1(X)) = B(X)).
Such a homeomorphism is called a Rogers homeomorphism. Finite-dimensional continua
with the cone = hyperspace property have been widely studied [1,2,5,7–17]. Recently,
a characterization of such continua, in terms of selections defined in C(X) − {X}, has
been obtained in [7]. An “intrinsic” characterization of these continua is not known (see
Question 5 of [7]). Finite-dimensional continua X for which C(X) is homeomorphic to
cone(X), called CH continua, have been also considered by some authors. In [12], Nadler
gave a complete description of finite-dimensional, hereditarily decomposable CH continua,
and he proved that there are only eight of such continua (see Theorem 7.4 of [9]). In [11],
Macías showed that, for locally connected continua X, C(X) is homeomorphic to a finite-
dimensional cone if and only if X is a simple n-od or a simple closed curve. A more
complete discussion on this topic can be found in Sections 7 and 80 of [9].
In [8], a complete description is given of those continua X such that C(X) is
homeomorphic to cone(Z) for some finite-dimensional continuum Z and X is hereditarily
decomposable.
In this paper we prove the following theorem.
Theorem. Let X be a continuum such that there exists a finite-dimensional continuum Z
and a homeomorphism h :C(X)→ cone(Z). If Y ∈C(X) is such that h(Y )= v(Z), then:
(a) Y has the cone= hyperspace property,
(b) X− Y is locally connected,
(c) X− Y has a finite number of components,
(d) each component of X− Y is homeomorphic either to [0,∞) or to the real line,
(e) if some component R of X− Y is homeomorphic to the real line, then X− Y =R,
(f) if A is a subcontinuum of X and A does not contain Y , then A is an arc or a one-point
set.
Part (e) is proved in [8]. The proof of the rest of the above Theorem is divided in the
following steps:
Step 1. If A is a subcontinuum of X and A does not contain Y , then A is a finite graph
(a finite graph is a continuum which is a union of a finite number of arcs such that
each two of them can intersect only at their end points).
Step 2. If A is a subcontinuum of X and A does not contain Y , then A is an arc or a
one-point set.
Step 3. The set X− Y is locally connected.
Step 4. The set X − Y has a finite number of components and each one of them is
homeomorphic either to [0,∞) or to the real line.
Step 5. If Y is decomposable, then Y is an arc or a simple closed curve.
Step 6. If Y is not degenerate and Y is indecomposable, then Y has the cone= hyperspace
property.
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With this theorem we have four possibilities for Y , namely, Y is a one-point set, Y is an
arc, Y is a simple closed curve or Y is nondegenerate and indecomposable. The first three
cases are considered in [8], where a complete characterization and description is given. In
the case that Y is nondegenerate and indecomposable, Y has the following properties (see
[9, Theorem 80.2]):
– dim(Y )= 1,
– each nondegenerate proper subcontinuum of Y is an arc,
– every composant of Y is one-to-one continuous image of [0,∞) or the real line.
The most known examples of finite-dimensional continua with the cone = hyperspace
property are the Buckethandle continuum and the solenoids. One example of a contin-
uum X as in the theorem, with Y nondegenerate and indecomposable, is X = Y ∪ L1 ∪
· · · ∪ Ln, where Y is the Buckethandle continuum, each Li is an open (in X) topological
copy of the ray [0,∞). Each set Y ∪ Li is a compactification of Li , where Li approxi-
mate Y “following” one of the composants of Y .
Step 1
For the proof of Step 1, we use the notion of fold introduced in [6]. In order to recall the
definition of fold, we need the following conventions.
The symbol P ∗ denotes the subset of the Euclidean plane R2, defined by P ∗ = J ∪
(
⋃{Jn: n ∈N}), where Jn = [0,1]×{ 1n} and J = [0,1]×{0}. We also define P = J0∪P ∗,
where J0 = {0} × [0,1]. For each p = (x,0) ∈ J and n ∈ N, define p(n) = (x, 1n ). Then
the sequence p(n)→ p. Let θ = (0,0) ∈R2. If U is a subset of a topological space and p
is a point of U , we denote by comp(U,p) the component of U containing p.
Now we are able to define folds. A continuum W has a fold at a point w ∈ W if
there exists a map f :P → W such that f (θ) = w and for each p ∈ J − {θ}, there
exists an open subset U in W such that f (p) ∈ U and comp(U,f (p)) does not intersect
{f (p(n)): n ∈N}.
Given m ∈ N, an m-od is a continuum W that contains a subcontinuum A such that
W − A has at least m components. It is known that the continuum W contains an
m-od if and only if C(W) contains an m-cell ([3], see also [9, Theorem 70.1]). Given a
continuum W , a point w ∈W , a subset C of W and a positive number ε > 0, let BW(ε,w)
be the open ball in W of radius ε and centered at w and NW(ε,C)=⋃{BW(ε, c): c ∈C}.
Theorem 1 (compare with Theorem 2.5 of [6]). If A ∈ C(X), Y is not contained in A
and C(A) has a fold at an element A0, then Z has a fold in π(h(A0)).
Proof. Let (z0, t0)= h(A0). Let f :P → C(A) be a map such that f (θ)=A0 and for each
p ∈ J − {θ}, there exists a positive number εp such that comp(BC(A)(εp, f (p)), f (p)) ∩
{f (p(n)): n ∈N} = ∅.
Given p ∈ J −{θ}, let h(f (p))= (zp, tp). Fix δp > 0 such that h−1(clZ(BZ(δp, zp))×
([tp−δp, tp+δp]∩[0,1)))⊂ BC(X)(εp, f (p)). For each n ∈N, let h(f (p(n)))= (zn, tn).
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Claim 1. There are only finitely many n ∈N such that zn ∈ comp(BZ(δp, zp), zp).
To prove Claim 1, let T =⋃{B ∈C(X): B ∈ h−1(clZ(comp(BZ(δp, zp), zp))× ([tp−
δp, tp + δp] ∩ [0,1)))}. By [13, Lemma 1.49], T is a subcontinuum of X. Note that
H(T ,f (p)) < εp. Since dim(C(X)) is finite, there exists M ∈ N such that X does not
contain M-ods. This implies that A ∩ T has a finite number of components (see [13,
1.210.1]). Since f (p)⊂A∩T , there exists a componentK of A∩T such that f (p)⊂K .
Since f (p(n))→ f (p), there exists N0 ∈ N such that, for each n  N0, |tn − tp| < δp,
H(f (p(n)), f (p)) < εp and f (p(n)) ∩ (A∩ T −K)= ∅.
If nN0 and zn ∈ comp(BZ(δp, zp), zp), then f (p(n))⊂ A∩ T . Thus f (p(n))⊂K .
Taking order arcs from f (p) to K and f (p(n)) to K (see [13, Theorem 14.6]), it is
possible to construct a subcontinuum B of C(A) such that f (p) ⊂ B or f (p(n)) ⊂ B
for each B ∈ B and f (p),f (p(n)) ∈ B. Since H(T ,f (p)) < εp and f (p) ∪ f (p(n)) ⊂
K ⊂ T , it follows that H(B,f (p)) < εp for each B ∈ B. This implies that B ⊂
comp(BC(A)(εp, f (p)), f (p)). In particular, f (p(n)) ∈ comp(BC(A)(εp, f (p)), f (p)).
This contradicts the choice of εp and proves that, for each nN0, zn /∈ comp(BZ(δp, zp),
zp). We have proved Claim 1.
Let g :P → Z be given by g = π ◦ h ◦ f . Note that g is well defined since Y is not
contained in A. For each m ∈N, let um =max({t ∈ [0,1]: g(t, 1m) ∈ g(J )} ∪ {0}).
Claim 2. The sequence {um}∞m=1 converges to 0.
To prove Claim 2, suppose to the contrary, that there exists a subsequence {umk }∞k=1
of {um}∞n=1 converging to a number u > 0. We may assume that umk > 0 for each
k ∈ N. For each k ∈ N, let sk ∈ [0,1] be such that g(umk , 1mk ) = g(sk,0). We may also
assume that sk → s for some s ∈ [0,1]. Note that g(u,0) = g(s,0). Let p = (u,0)
and q = (s,0). By Claim 1, there are only finitely many n ∈ N such that g(p(n)) ∈
comp(BZ(δp, g(p)), g(p)). By continuity, there exists δ > 0 such that g(BP (δ,p))∪
g(BP (δ, q)) ⊂ BZ(δp, g(p)), where δp is taken as in Claim 1. Let K ∈ N be such that,
for each k K , 1
mk
< δ2 , |umk − u|< δ2 and |sk − s|< δ.
Given k  K , the sets g(BP (δ, q) ∩ J ) and g(BP (δ,p) ∩ Jmk ) are connected
and both contain the point g(sk,0) = g(umk , 1mk ). Since g(p) = g(q), we conclude
that g(BP (δ, q) ∩ J ) ∪ g(BP (δ,p) ∩ Jmk ) ⊂ comp(BZ(δp, g(p)), g(p)). It follows that
g(p(mk)) = g(u, 1mk ) ∈ comp(BZ(δp, g(p)), g(p)) for each k  K . This contradicts
Claim 1 and completes the proof of Claim 2.
For each m ∈N, there exists r > 0 such that g({0} × [0, r])⊂ BZ( 1m, z0). This implies
that there exists K ∈ N such that, for each k  K , g(0, 1
k
) ∈ comp(BZ( 1m, z0), z0). Thus
it is possible to find a sequence of positive integers k1 < k2 < · · · such that g(0, 1km ) ∈
comp(BZ( 1m, z0), z0) for each m ∈ N. By Claim 2, we may assume that ukm < 1 for each
m ∈N.
Define F ∗ :P ∗ →Z by
F ∗(t, s)=
{
g
(
(1− ukm)t + ukm, 1km
)
, if s = 1
m
for some m ∈N,
g(t,0), if s = 0.
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Clearly, F ∗ is continuous, by Claim 2.
For each m ∈ N, let Am = f (0, 1km ), h(Am) = (wm, rm), Bm = h−1(z0, rm) and
Cm = ⋃{B ∈ C(X): B ∈ h−1(clZ(comp(BZ( 1m, z0)) × {rm})). By [13, Lemma 1.49],
Cm ∈C(X). SinceAm→A0 and h(A0)= (z0, t0), we obtain that rm → t0. ThusBm →A0
and Cm → A0. Since Y is not contained in A0, we may assume that Y is not contained
in Cm. From the choice of km it follows that Am ⊂ Cm. Clearly, Bm ⊂ Cm. Hence, (see [9,
Theorem 14.6]) there exist maps αm,βm : [0,1]→ C(X) such that αm(0)= Am, αm(1)=
Cm, βm(0)= Bm, βm(1)= Cm and if s  t , then αm(s)⊂ αm(t) and βm(s)⊂ βm(t). Note
that αm(t) and βm(t) do not contain Y for any t ∈ [0,1]. Thus we may consider the maps
π ◦ h ◦ αm and π ◦ h ◦ βm.
Define γm : [0,1]→ Z by
γm(s)=


g
(
(1− 6s)ukm, 1km
)
, if 0 s  16 ,
π
(
h
(
αm(6s − 1)
))
, if 16  s 
2
6 ,
π
(
h
(
βm(3− 6s)
))
, if 26  s 
3
6 ,
π
(
h
(
βm+1(6s − 3)
))
, if 36  s 
4
6 ,
π
(
h
(
αm+1(5− 6s)
))
, if 46  s 
5
6 ,
g
(
(6s − 5)ukm+1, 1km+1
)
, if 56  s  1.
Clearly, γm is continuous, and the sequence {γm}∞m=1 converges uniformly to the
constant map z0.
Define γ :J0 →Z by
γ (0, s)=
{
γm
(
(m+ 1)(1−ms)), if s ∈ [ 1
m+1 ,
1
m
]
for some m ∈N,
z0, if s = 0.
Clearly, γ is continuous.
Now define F :P → Z by
F(t, s)=
{
F ∗(t, s), if (t, s) ∈ P ∗,
γ (t, s), if (t, s) ∈ J0.
It is easy to check that F is continuous and F(0,0)= z0.
Given p = (t,0) ∈ J −{θ} and m ∈N, notice that ukm < (1− ukm)t + ukm , F(p(m))=
F(t, 1
m
)= g((1− ukm)t + ukm) and F(p)= g(t,0) ∈ g(J ), then the choice of ukm implies
that F(p(m)) 
= F(p).
Next, we show that F satisfies the conditions of the definition of fold at z0. Let
p = (t,0) ∈ J − {θ}, where t > 0. We need to prove that there exists an open subset U
of Z such that F(p) ∈ U and comp(U,F (p)) ∩ {F(p(n)): n ∈ N} = ∅. Suppose to the
contrary that there is not such an open set U .
For each ε > 0, let Eε = comp(BZ(ε,F (p)),F (p)). Then there exists m1 ∈ N
such that F(p(m1)) ∈ E1. Let ε1 > 0 be such that ε1 < 1 and BZ(ε1,F (p)) ∩
{F(p(1)), . . . ,F (p(m1))} = ∅. Then there exists m2 ∈N such that F(p(m2)) ∈Eε1 . Note
that m1 <m2. Following this procedure it is possible to define sequences ε1 > ε2 > · · · and
m1 <m2 < · · · such that 0< εj < 1j and F(p(mj )) ∈Eεj for each j ∈N.
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Let δp be as in Claim 1 and let δ > 0 be such that g(BP (2δ,p)) ⊂ BZ(δp, g(p)). Let
j0 ∈N be such that, for each j  j0, εj < δp, 1kmj < δ and ukmj < δ.
Given j  j0, BZ(εj , g(p)) ⊂ BZ(δp, g(p)). Thus Eεj ⊂ comp(BZ(δp, zp), zp). Let
Ij = [t, (1 − ukmj )t + ukmj ] × { 1kmj }. Then g(Ij ) ⊂ g(BP (2δ,p)) ⊂ BZ(δp, zp), zkmj =
g(p(kmj )) ∈ g(Ij ) and F(p(mj ))= g((1− ukmj )t + ukmj , 1kmj ) ∈ g(Ij ). This implies that
g(Ij ) is a connected subset of BZ(δp, zp) that intersects Eεj ⊂ comp(BZ(δp, zp), zp).
Therefore, zkmj ∈ comp(BZ(δp, zp), zp) for each j  j0. This contradicts Claim 1 and
completes the proof that Z has a fold at z0. ✷
Theorem 2. If A ∈ C(X) and Y is not contained in A, then A is a finite graph.
Proof. By [13, Theorem 1.100], there exists M ∈N such that A does not contain M-ods.
Given a nondegenerate subcontinuum B of A, B 
= Y . Thus h(B) 
= v(Z). This implies
that cone(Z)− h(B) has at most two arc components. Hence, C(X)− B has at most two
arc components. It follows, from [13, Theorem 8.19], that B is decomposable. We have
proved that A is hereditarily decomposable.
Since C(A) is finite-dimensional, in order to prove the theorem, it is enough to prove
that A is locally connected (see [13, Theorem 1.109]). Suppose to the contrary that A is
not locally connected. Combining Theorems 1.3 and 2.4 of [6], we obtain that A contains
a nondegenerate subcontinuum A0 such that C(A) has a fold at A0. By Theorem 1, Z has
a fold at z0 = π(h(A0)). Let h(A0)= (z0, t0).
Let F :P → Z be as in the definition of fold of Z at z0. Then F(θ)= z0. If u ∈ [0,1)
and u is close to 1, then h−1(z0, u) is close to Y . Hence we can choose u ∈ [0,1) such that
h−1(z0, u) is not contained in A0. If r ∈ (0,1] and r is close to 0, then h−1(F (r,0), u) is
close to h−1(z0, u) which is not contained in A0. Thus we can choose r ∈ (0,1] such that
h−1(F (r,0), u) is not contained in A0.
Define f :P → cone(Z) by
f (t, s)= (F(tr, s), (u− t0)t + t0).
It is easy to check that f is continuous, f (t, s) 
= v(Z) for each (t, s) ∈ P , f (θ) =
(z0, t0), f (1,0) = (F (r,0), u) and f satisfies the conditions of the definition of fold at
(z0, t0). Thus the map h−1 ◦ f :P →C(X) satisfies the conditions of the definition of fold
at A0 and h−1(f (1,0)) is not contained in h−1(f (θ)). By [9, Lemma 79.9] X contains
an M-od for each M ∈ N, and then dim(C(X)) =∞. This contradiction proves that A is
locally connected. ✷
Step 2
We start with some conventions. A disk (respectively, semi-disk) in a continuum W
is a subspace of W which is homeomorphic to the Euclidean plane R2 (respectively,
to the set H2 = {(x, y) ∈ R2: y  0}). If D is a semi-disk in W and g :H2 → D is a
homeomorphism, the border of D is the image under g of the x-axis in R2. Let R(X) =
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{p ∈X: there exists a simple triod T ⊂X such that p ∈ T and p is the ramification point
of T }. For each subset V of X, let C(V ) = {B ∈ C(X): B ⊂ V }. A topological space is
planable provided that it can be embedded in the plane R2.
Theorem 3. If A ∈ C(X) and Y is not contained in A, then A is an arc or a one-point set.
Proof. By Theorem 2, A is a finite graph.
We need to prove a series of claims.
Claim 3. Let p ∈X−R(X) such that {p} 
= Y . Then there exists an open subset U of C(X)
such that {p} ∈ U, comp(U, {p}) is a semi-disk and {p} is in the border of comp(U, {p}).
To prove Claim 3, let U be an open subset of X such that p ∈ U and clX(U) does not
contain Y . Let D = comp(clX(U),p). By Theorem 2, D is a finite graph. Since p is not
a ramification point of D, there exists an open subset V of X such that p ∈ V ⊂ U and
clX(V ) does not have any ramification point of D. Let E = comp(clX(V ), {p}). Then E
is an arc, so C(E) is a 2-cell and {p} is in its manifold boundary (see [9, Example 5.1]).
Let W be an open subset of C(E) such that W is a semi-disk, {p} is in the border of W
and W ⊂ C(V ). Since C(V ) is an open subset of C(X), we can choose an open subset U
of C(X) such that U ∩C(E)=W and U ⊂ C(V ). In order to finish the proof of Claim 3,
we only need to show that comp(U, {p}) = W . Clearly, W ⊂ comp(U, {p}). By [13,
Lemma 1.49], the set F =⋃{G: G ∈ clC(X)(comp(U, {p}))} is a subcontinuum of X.
Since clC(X)(C(V )) ⊂ C(clC(X)(V )), we have F ⊂ clC(X)(V ) and p ∈ F . Thus F ⊂ E
and, comp(U, {p}))⊂ U ∩C(E)=W . We have proved Claim 3.
Claim 4. If A is an arc, then A∩R(X) is finite.
Let U be an open subset of X such that A⊂ U and Y is not contained in clX(U). Let
B be the component of clX(U) that contains A. By Theorem 2, B is a finite graph. Since
each point of A∩R(X) is a ramification point of B , we conclude that Claim 4 holds.
Claim 5. If h(F1(A))∩B(Z)= ∅, then h(F1(A))⊂ {z}× [0,1)⊂ cone(Z) for some z ∈ Z
and, consequently, A is an arc.
First, we consider the case that A ∩ R(X) = ∅. Suppose to the contrary that the set
B = π(h(F1(A))) is nondegenerate. Since A is a locally connected continuum and π ◦h is
continuous we have that B is a locally connected nondegenerate continuum. Let E ⊂ B
be an arc with end points p and q , let a ∈ A be such that π(h({a})) ∈ E − {p,q}.
Then h−1((E − {p,q}) × (0,1)) is a disk in C(X) that contains the element {a}. By
Claim 3, there exists an open subset U of C(X) such that {a} ∈ U , comp(U, {a}) is a
semi-disk and {a} is in the border of comp(U, {a}). Thus there exists a disk W such that
{a} ∈W ⊂ h−1((E−{p,q})× (0,1))∩ U . This implies that {a} ∈W ⊂ comp(U, {a}). So
we have a contradiction to the fact that {a} is in the border of comp(U, {a}) and completes
the proof of Claim 5 for this case.
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In the general case, let B be a component of A − R(X). By Claim 4, A ∩ R(X) is
finite. Then B is homeomorphic to [0,1) or to the real line. Applying the first case to the
subarcs of B , it follows that h(F1(B)) ⊂ {zB} × [0,1), for some zB ∈ Z. It follows that
h(F1(clX(B))⊂ {zB} × [0,1). Since the number of components of A−R(X) is finite, the
connectedness of A implies that the point zB is the same for all B . This completes the
proof of Claim 5.
Claim 6. If A is an arc with end points a and b and h({a}), h({b}) ∈ B(Z), then
h(F1(A))⊂ B(Z).
To prove Claim 6, suppose to the contrary that h(F1(A)) is not contained in B(Z).
Let ρ : cone(Z)−{v(Z)}→ [0,1) be the natural projection and let t0 =maxρ(h(F1(A))).
Then t0 > 0. Choose an order < on A such that a < b. Let p,q, r ∈A be such that a < p <
q < r < b, h({q})= t0 and the arc h(F1([p, r])) does not intersectB(Z). By Claim 5, there
exists z ∈ Z such that h(F1([p, r])) ⊂ {z} × [0,1). Then h(F1([p, r])) ⊂ {z} × [0, t0] =
{z} × [0, h({q})]. This implies that q is an end point of [p, r]. The contradiction proves
Claim 6.
Claim 7. If A has a ramification point p, then h({p}) ∈ B(Z).
To prove Claim 7, suppose to the contrary that h({p}) /∈ B(Z). Then it is possible to
construct a simple n-od T , for some n, such that T ⊂ A, p is the ramification point of T
and h(F1(T ))∩B(Z)= ∅. By Claim 5, T is an arc. This contradiction proves Claim 7.
Claim 8. If A contains a simple n-od T (n 3) with the ramification point p, then there
exists a simple (n − 1)-od R such that R ⊂ T , p is the ramification point of R and
h(F1(R))⊂ B(Z).
By Claim 7, there exists z ∈ Z such that h({p})= (z,0). Let e1, . . . , en be the end points
of T . For each i ∈ {1, . . . , n}, let pei denote the subarc of T that joins p and ei .
If there exists j ∈ {1, . . . , n} with the property that
h
(
F1
(
pej − {p}
))∩B(Z)= ∅ (∗)
applying Claim 5 to the subarcs of pej −{p}, we conclude that h(F1(pej ))⊂ {z}× [0,1).
Since h({p}) = (z,0) and h is one-to-one, at most one j ∈ {1, . . . , n} has property (∗).
Thus, we may assume that, for each i ∈ {1, . . . , n− 1}, there exists a point qi ∈ pei − {p}
such that h({qi}) ∈ B(Z). Let R = pq1 ∪ · · · ∪ pqn−1, where pqi is the subarc of T
joining p and qi . By Claim 6, R has the required properties.
Claim 9. The finite graph A does not have any ramification points.
Fix a point y ∈ Y −A. Suppose, contrary to Claim 9, that A has a ramification point p.
Let T be an (n+ 1)-od (n 2) such that p is the ramification point of T and T ⊂A. Let
R be a simple n-od with the properties described in Claim 8. We have y /∈ R. Suppose
that e1, . . . , en are the end points of R. For each i ∈ {1, . . . , n}, let pei denote the arc in T
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joining p and ei . By Claim 4 we may assume that (pei − {p}) ∩ R(X) = ∅. By Claim 7,
there exists z ∈Z such that h({p})= (z,0). Let W be an open subset of Z and let t > 0 be
such that z ∈W and, if D =⋃{B ∈C(X): B ∈ h−1(W × [0, t])}, then y /∈D and D does
not contain any of the points e1, . . . , en.
Let i ∈ {1,2} and let q ∈ pei − {p, ei} be such that q ∈ h−1(W × [0, t]). By the
choice of R, h({q}) = (zq,0) for some zq ∈ Z. Thus zq ∈ W . By Claim 3, there exists
an open subset U of C(X) such that {q} ∈ U , comp(U, {q}) is a semi-disk and {q} is in
the border of comp(U, {q}). Let V be an open subset of Z and let s > 0 be such that
(zq,0) ∈ V × [0, s)⊂ clZ(V )× [0, s)⊂ (W × [0, t))∩ h(U). Let K be the component of
clZ(V ) containing zq . Thus h−1(K×[0, s))⊂ comp(U, {q}). HenceK×[0, s) is planable.
Therefore, K × [0,1) is planable. Let E =⋃{B ∈ C(X): B ∈ h−1({zq}× [0, t])}. By [13,
Lemma 1.49], E is a subcontinuum of X. Since E ⊂D, y /∈E ∪R. By Theorem 2, E ∪R
is a finite graph (q ∈E ∩R).
If there exists a point x ∈ E such that x is a ramification point of E ∪ T , then there
exists B ∈ C(X) such that x ∈ B ⊂ E and h(B) = (zq, r) for some r ∈ [0, t]. By [13,
Theorem 1.100], there exists an m-cell B (m  3) such that B ∈ B ⊂ C(E ∪ T ). We
may assume that B ⊂ h−1(V × [0,1)). Thus π(h(B)) is a connected subset of V and it
contains zq , so π(h(B))⊂ K . Therefore h(B) is an m-cell contained in K × [0,1). This
contradicts the planability ofK×[0,1) and proves thatE does not contain any ramification
point of E ∪ T . In particular, p /∈ E. Therefore, E is a finite graph that intersects the arc
pei , p, ei /∈ E and (pei − {p, ei}) ∩ R(X) = ∅. This implies that E ⊂ pei . In particular,
h−1(zq, t) ⊂ pei for each q ∈ pei − {p, ei}. If q tends to p, then zq tends to z and
from the continuity of h−1 we conclude that h−1(z, t) ⊂ pei , for each i ∈ {1,2}. Hence,
h−1(z, t)⊂ pe1 ∩ pe2 = {p}. Therefore h({p})= (z, t). This contradicts the fact that h is
one-to-one and completes the proof of Claim 9.
Claim 10. The continuum A is an arc or a one-point set.
Taking an order arc [9, Theorem 14.6] from A to X, it is possible to construct a
continuum B such that A is a proper subcontinuum of B and Y is not contained in B .
By Theorem 2 and Claim 9, B is a finite graph without ramification points. Thus, B is an
arc or a simple closed curve. Therefore, A is an arc or a one-point set. ✷
Step 3
Given a proper subcontinuum D of X, the semi-boundary, Sb(D), of D is defined as
the set Sb(D)= {A ∈C(D): there exists a map α : [0,1]→ C(X) such that α(0)=A and
α(t) is not contained in D for each t > 0}. Semi-boundaries were introduced in [4], where
it was proved that for each A ∈ Sb(D), there exists a minimal, with respect to inclusion,
element B ∈ Sb(D) such that B ⊂ A [4, Theorem 1.4]. It was also shown that if C(X) is
finite-dimensional, as it is in our case, then the set of minimal elements in Sb(D) is finite
for each D [4, Theorem 4.2].
Theorem 4. The set X− Y is locally connected.
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Proof. Suppose to the contrary that there exists a point p0 ∈ X − Y such that X − Y is
not connected im kleinen at p0. Then there exists an open subset U of X − Y (and then
open in X) such that p0 ∈ U and p0 is not in the interior of C0 = comp(U,p0). Then it
is possible to construct a sequence of components C0,C1,C2, . . . of U and a sequence
of points p1,p2, . . . such that pn ∈ Cn for each n ∈ N, pn → p0 and the components
C0,C1,C2, . . . , are pairwise different.
Since p0 /∈ Y , there exists ε > 0 such that if A ∈ C(X) and H(A,Y ) < ε, then p0 /∈ A.
Let s ∈ [0,1) be such that for each z ∈ Z and each t ∈ [s,1], H(h−1(z, t), Y ) < ε. Let
D =⋃{h−1(z, t): z ∈ Z and t ∈ [s,1]}. By [13, Lemma 1.49], D is a subcontinuum of X
and by the choice of ε, p0 /∈D. So, we may assume that pn /∈D for each n 1.
For each n  0, let h({pn}) = (zn, tn), where zn ∈ Z and tn ∈ [0,1]. Since pn /∈ D,
tn < s. Let rn ∈ [tn,1] be such that rn = min{r ∈ [tn,1]: h−1(zn, r) ⊂ D}. Such an rn
exists and rn  s since h−1(zn, s) ⊂ D. Since h−1(zn, tn) = {pn}  D, we obtain that
tn < rn. It is easy to see that the continuum En = h−1(zn, rn) ∈ Sb(D). As we mentioned
above, Sb(D) contains a finite number of minimal elements. Then there exists a minimal
element M in Sb(D) and a subsequence {pnk }∞k=1 of {pn}∞n=1 such that M ⊂ Enk for each
k ∈ N, rnk → r ′ for some r ′ ∈ [0, s] and Enk → E0 for some E0 ∈ C(X). Notice that
M ⊂E0 and E0 = h−1(z0, r ′).
Given k ∈N, M ⊂E0 ∩Enk . Then we can take maps (see [9, Lemma 14.9])
βk, γk : [0,1]→ C(E0 ∪Enk )
such that βk(0)=E0, βk(1)= E0 ∪Enk , γk(0)=Enk , γk(1)=E0 ∪Enk and if s  t , then
βk(s)⊂ βk(t) and γk(s) ⊂ γk(t). Using βk and γk , construct a path λk : [0,1]→ C(E0 ∪
Enk) such that λk(0)=E0, λk(1)=Enk . Notice that, for each t ∈ [0,1], λk(t)⊂E0 ∪Enk .
From the definition of the Hausdorff metric, it follows that H(E0, λk(t))  H(E0,Enk )
for each t ∈ [0,1]. Let Ak = λk([0,1])⊂ C(X). Notice that diameterC(X)(Ak)→ 0. Let
Bk = h(Ak)⊂ cone(Z). Thus diametercone(Z)(Bk)→ 0 and (z0, r ′), (znk , rnk ) ∈ Bk . Since
r ′  s < 1, we may assume that v(Z) /∈ Bk .
For each k ∈ N, let Wk = π(Bk). Thus Wk ∈ C(Z) and Wk → {z0}. Let Lk be the
subarc of [0,1] that joins t0 and tnk , let Ck = Wk × Lk ⊂ cone(Z) and Dk = h−1(Ck).
Then diametercone(Z)(Ck) → 0, diameterC(X)(Dk) → 0 and (z0, t0), (znk , tnk ) ∈ Ck , so
{p0}, {pnk } ∈Dk . Let Dk =
⋃{A ∈ C(X): A ∈Dk}. Thus it follows that Dk →{p0}.
Hence, there exists K  1 such that DK ⊂ U . Since DK intersects the components C0
and CnK of U , we conclude that C0 = CnK . This contradicts the choice of C0 and CnK and
completes the proof of the theorem. ✷
Step 4
Theorem 5.
(a) The components of X − Y are arcwise connected. So, the components and the arc
components of X− Y coincide.
(b) The set X− Y has a finite number of arc components.
(c) Each arc component S of X − Y is either homeomorphic to the ray [0,∞) or to the
real line R.
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Proof. (a) Let S be a component of X − Y . Given a point p ∈ S, by Theorem 4, there
exists a connected open neighborhoodUp of p such that clX(Up)∩Y = ∅. By Theorem 3,
clX(Up) is an arc and, clearly clX(Up) ⊂ S. Consider the open cover {Up: p ∈ S} of S.
Since S is connected, given two points x, z ∈ S, there exists a finite chain {Up1, . . . ,Upn}
such that x ∈ Up1 , z ∈ Upn and Upi ∩Upi+1 
= ∅ if i < n. Thus clX(Up1) ∪ · · · ∪ clX(Upn)
is an arcwise connected subcontinuum of the set S that contains x and z. Therefore, there
exists an arc in S joining x and z. Hence, S is arcwise connected.
(b) By [13, Theorem 1.100], if X − Y contains n components, then C(X) contains an
n-cell. Since C(X) is finite-dimensional, we conclude that X − Y contains finitely many
components.
(c) Let S be a component of X − Y . Let p ∈ S. By Theorems 3 and 4, there exists a
connected open neighborhood Up of p such that clX(Up) ∩ Y = ∅ and clX(Up) is an arc
contained in S. Then Up is an open (in X) connected subset of the arc clX(Up). Then Up
is homeomorphic to [0,∞) or R. This proves that S is a metric connected 1-manifold.
Therefore, S is homeomorphic to one of the spaces: [0,1], [0,∞), R or to the unit circle
in the complex plane. By [13, Theorem 20.3], clX(S) ∩ Y 
= ∅. Thus S is not compact.
Therefore, S is homeomorphic either to [0,∞) or to R. ✷
Step 5
Theorem 6. If Y is decomposable, then Y is an arc or a simple closed curve.
Proof. Suppose that Y = A ∪ B , where A and B are proper subcontinua of Y . By
Theorem 3, A and B are arcs and Y does not contain simple triods. This implies that
Y is an arc or a simple closed curve. ✷
Step 6
Theorem 7. If Y is indecomposable and nondegenerate, then Y has the cone= hyperspace
property.
Proof. We prove a series of claims.
Claim 11. For each y ∈ Y , h({y}) ∈ B(Z).
To prove Claim 11, suppose to the contrary that h({y}) = (z, t), for some z ∈ Z and
0 < t < 1. Let κ be the composant of Y that contains y . If h(F1(Y ))⊂ B(Z)∪({z}×[0,1]),
the indecomposability and connectedness of F1(Y ) implies that {z} × [0, t] ⊂ h(F1(Y )).
Thus h−1({z} × (0, t)) is an open subset of F1(Y ). Hence h−1({z} × [0, t]) is a proper
subcontinuum of F1(Y ) having nonempty interior. This contradicts the indecomposability
of Y and proves that h(F1(Y )) is not contained in B(Z) ∪ ({z} × [0,1]). By the density
of κ in Y , there exist p ∈ κ , u ∈ Z− {z} and 0< s < 1 such that h(p)= (u, s). Reasoning
in a similar way as before, there exist q ∈ κ , w ∈ Z − {z,u} and 0 < r < 1 such that
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h(q)= (w, r). Let A be a proper subcontinuum of Y such that p,q, y ∈A. By Theorem 3,
A is an arc. Without loss of generality we may assume that A has an order such that
p < q < y . By Claim 5 of Theorem 3, we can choose points p < a < q and q < b < y such
that h({a}), h({b})∈ B(Z). By Claim 6 of Theorem 3, h({q}) ∈B(Z). This contradicts the
choice of q and ends the proof of Claim 11.
Claim 12. The continuum X is not connected im kleinen at any point of Y .
Suppose to the contrary that there exists a point p ∈ Y such that X is connected im
kleinen at p. Let A be a subcontinuum of X that contains p in its interior and Y is not
contained inA. Given n ∈N, choose n different composants κ1, . . . , κn of Y . By the density
of κi in Y , we can choose points pi ∈ κi − A and qi ∈ κi ∩ A. Then there exist proper,
pairwise disjoint subcontinuaA1, . . . ,An of Y such that pi, qi ∈Ai for each i ∈ {1, . . . , n}.
Clearly, A∪A1 ∪ · · · ∪An is an n-od. Therefore, X contains an n-od for each n ∈N, and
C(X) has infinite-dimension [13, Theorem 1.100]. This contradiction proves Claim 12.
For each y ∈ Y , by Claim 11, h({y}) = (zy,0) for some zy ∈ Z. Clearly, the set
Y0 = {zy : y ∈ Y } is homeomorphic to Y .
Claim 13. cone(Y0)⊂ h(C(Y )).
To prove Claim 13, suppose to the contrary that there exists (zy, t) ∈ cone(Y0) such that
A= h−1(zy, t) /∈ C(Y ). Fix a point p ∈A−Y . By Theorem 4, X is locally connected at p.
It is easy to show that this implies that C(X) is connected im kleinen at A. Hence cone(Z)
is connected im kleinen at (zy, t). Thus cone(Z) is connected im kleinen at (zy,0). So,
C(X) is connected im kleinen at {y}. This implies that X is connected im kleinen at y .
This contradicts Claim 12 and completes the proof of Claim 13.
A point p ∈ Y is said to be an end point of Y provided that if p ∈A⊂ Y and A is an arc,
then p is an end point of A. Recall that a Whitney map for C(X) is a map µ :C(X)→[0,1]
such that µ(X) = 1, µ({x}) = 0 for each x ∈ X and if A,B ∈ C(X) and A is properly
contained in B , then µ(A) < µ(B). It is known that, for each continuum X, C(X) admits
Whitney maps [9, Theorem 13.4].
Claim 14. Let κ be a composant of Y and let A be a proper subcontinuum of Y (then, by
Theorem 3, A is an arc). Then:
(a) if A contains an end point of Y , then A ∈ clC(X)(C(κ)),
(b) if A does not contain an end point of Y , then h(A) /∈ B(Z),
(c) κ contains at most one end point of Y .
To prove (a), let p ∈ A be such that p is an end point of Y . By the density of κ , there
exists a sequence of points {pn}∞n=1 in κ such that pn → p. Let µ :C(X)→ [0,1] be a
Whitney map. Using order arcs [9, Theorem 14.6] it is possible to construct, for each n ∈N,
a continuum An ∈ C(Y ) such that pn ∈An and µ(An)= µ(A). Since µ(A) < µ(Y ), each
An is a proper subcontinuum of Y , so An ∈ C(κ). Let {Ank }∞k=1 be a subsequence of
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{An}∞n=1 such that Ank → B for some B ∈ C(Y ). Note that p ∈ B and µ(B) = µ(A).
Since Y is indecomposable, A ∪B is a proper subcontinuum of Y . By Theorem 3, A ∪B
is an arc. Since p is an end point of A∪B , A⊂ B or B ⊂A. Since µ(A)= µ(B), A= B .
Therefore, A ∈ clC(X)(C(κ)).
Now, we prove (b). By Theorem 3, A is an arc. Let p and q be the end points of A.
Since p and q are not end points of Y , there exist two arcs C and D such that p ∈ C ⊂ Y ,
q ∈ D ⊂ Y , p is not an end point of C and q is not an end point of D. Since Y is
indecomposable, Theorem 3 implies that the continuum B = A ∪ C ∪ D is an arc. Let
a and b be the end points of B . We can assume that B has an order with a < p < q < b.
Let U be an open subset of X such that A⊂ U , a, b /∈ clX(U) and Y is not contained in
clX(U). Let K = comp(clX(U),p). By Theorem 3, B ∪K is an arc. Since K does not
contain the end points of B , we obtain that K ⊂ B . We know that C(B) is a 2-cell [9,
Example 5.1] and the manifold boundary of this 2-cell is represented by those continua E
satisfying one of the following conditions: a ∈ E, b ∈ E or E is a one-point set. Since A
is not in this manifold boundary and C(U) is open, we can choose a 2-cell V contained
in C(B) such that V ⊂ C(U), A ∈ V and A is not in the manifold boundary of V . Note that
π(h(V)) is a locally connected subcontinuum of Z.
If π(h(V)) contains a simple triod T0 with the ramification point w0, let t ∈ [0,1)
be such that (w0, t) ∈ h(V) ⊂ h(C(U)). Since h(C(U)) is open in cone(Z), there exist
a subtriod T of T0 and a nondegenerate subinterval L of [0,1] such that (w0, t) ∈
T ×L⊂ h(C(U)). Then h−1(T ×L) is a subcontinuum of C(U) which intersects V . Thus
h−1(T ×L)∪V is a subcontinuum of C(U). Let F =⋃{G ∈ C(X): G ∈ h−1(T ×L)∪V}.
By [13, Theorem 1.49], F ∈C(X). Note that F ⊂U . Since p ∈A, p ∈ F . Thus F ⊂K ⊂
B . Hence h−1(T ×L)⊂ C(B). This is a contradiction since a 2-cell (C(B)) cannot contain
a topological copy of the product of a simple triod and an interval. We have proved then
that π(h(V)) does not contain a simple triod.
By [9, 31.12], π(h(V)) is an arc or a simple closed curve. Thus cone(π(h(V))) is a
2-cell.
If h(A) ∈ B(Z), then h(V) is a 2-cell contained in the 2-cell cone(π(h(V))) and the
element h(A) is not in the manifold boundary of h(V), but h(A) is in the manifold
boundary of cone(π(h(V))). This contradiction proves that h(A) /∈ B(Z) and completes
the proof of (b).
To prove (c), suppose to the contrary that κ contains two end points p and q of Y . Let
B be a proper subcontinuum of Y such that p,q ∈ B . By Theorem 3, B is an arc. Since
p and q are end points of Y , we obtain that p and q are the end points of B . By the
density of κ in Y , there exists a point y ∈ κ − B . Let C be a proper subcontinuum of Y
such that y,p ∈ C. Since Y is indecomposable, B ∪C is a proper subcontinuum of Y . By
Theorem 3, B ∪C is an arc. Since p and q are end points of Y , B ∪ C = B . Thus y ∈ B .
This contradiction ends the proof of (c) and of Claim 14.
By [13, Theorem 8.19] C(X) − {Y } has infinitely many arc components. If A,B ∈
C(X) − C(Y ), then taking order arcs from A to X and from B to X we can obtain a
path joining A and B in C(X) − {Y }. Therefore, C(X) − C(Y ) is contained in an arc
component ∆ of C(X) − {Y }. Let Γ1 and Γ2 be other two different arc components of
C(X) − {Y }. For each i ∈ {1,2}, fix an element Ai ∈ Γi . Then Ai ⊂ Y . Let κi be the
composant of Y containing Ai .
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Claim 15. Let i ∈ {1,2}. Then Γi = C(κi), in particular, κ1 
= κ2.
By [13, Theorem 1.52.1], C(κi) is arcwise connected, so C(κi) ⊂ Γi . If C ∈ Γi , then
there exists an arc α in C(X)−{Y } joining Ai and C. By the choice of Γi , all the elements
in α are subcontinua of Y . Thus α ⊂ C(Y ) − {Y }. Therefore, Γi is an arc component of
C(Y )− {Y }. By [13, Theorem 1.52.1], Γi = C(κi).
Claim 16. cone(Y0)= h(C(Y )).
By Claim 13, we only need to prove that h(C(Y ))⊂ cone(Y0). Suppose to the contrary
that there exists an element A ∈ C(Y ) such that h(A) /∈ cone(Y0). Let h(A)= (z, t), and
note that t < 1.
First, we show that this would imply there exists B ∈C(κ1) such that h(B) /∈ cone(Y0).
We need to prove that (cone(Z) − cone(Y0)) ∩ h(C(κ1)) 
= ∅. Since cone(Y0) is closed
in cone(Z), it is enough to prove that ∅ 
= (cone(Z)− cone(Y0)) ∩ clcone(Z)(h(C(κ1)))=
(cone(Z)− cone(Y0)) ∩ h(clC(X)(C(κ1))) 
= ∅. By Claim 14(a) it is enough to prove that
there exists an elementM ∈ C(Y ) such thatM has an end point of Y and h(M) /∈ cone(Y0).
If h−1(z,0)⊂ Y , let M = h−1(z,0), by Claim 14(b), M has an end point of Y and from
the choice of (z, t) = h(A), M /∈ cone(Y0). Thus, we may assume that h−1(z,0) is not
contained in Y . Let s =min{r ∈ [0, t]: h−1(z, r)⊂ Y }. Then 0 < s < 1. For each r ∈ [0, s],
let Cr =⋃{h−1(z, u): r  u s}. By [13, Lemma 1.49], each Cr is a subcontinuum of X.
Since the function r → Cr is continuous and Cs = h−1(z, s) is a proper subcontinuum
of Y , there exists r < s such that Cr does not contain Y . By Theorem 3, Cr is an arc. By
the choice of s, Cr is not contained in Y and it contains Cs .
Let M = h−1(z, s)= Cs . Let a, b be the end points of Cr and let p,q be the end points
of M . We may suppose that Cr has an order and a  p  q  b. Since M ⊂ Y and s > 0,
by Claim 11, M is nondegenerate. Thus p < q . We claim that p ∈ bdCr (Cr ∩ Y ) or q ∈
bdCr (Cr ∩Y ). Suppose to the contrary that p,q ∈ intCr (Cr ∩Y ). Then M ⊂ intCr (Cr ∩Y ).
Let w ∈ (r, s) be such that Cw ⊂ intCr (Cr ∩ Y ). This contradicts the choice of s and
proves that p ∈ bdCr (Cr ∩Y ) or q ∈ bdCr (Cr ∩Y ). Without loss of generality, suppose that
p ∈ bdCr (Cr ∩ Y ). If p is not an end point of Y , then there exists an arc E in Y such that
p ∈E, p is not an end point of E and Cr ∪E does not contain Y . By Theorem 3, Cr ∪E is
an arc containing p. Note that Cr ∩E is a neighborhood of p in Cr and Cr ∩E ⊂ Cr ∩ Y .
This contradicts the fact of p ∈ bdCr (Cr ∩ Y ) and proves that p is an end point of Y .
We have shown that the assumption leads to the existence of M . Therefore, there exists
B ∈ C(κ1) such that h(B) /∈ cone(Y0).
Suppose that h(B) = (z0, t0). Let B1 = h−1(z0,0). Then B1 and B can be joined by
an arc in C(X)− {Y }. By Claim 15, B1 ∈ C(κ1) and, by Claim 14(b), B1 contains an end
point p1 of Y . By Claim 14(a), for the composant κ2, there exists B2 ∈ C(κ2) such that
h(B2) /∈ cone(Y0). Let h(B2)= (z2, t2). Let B3 = h−1(z2,0). Then, by the same argument
as above, B3 ∈ Γ2 = C(κ2). By Claim 14(b), B3 contains an end point p3 of Y .
Since B1 ∩ B3 = ∅, there exists an open subset U of C(X) such that B1 ∈ U and
F ∩ B3 = ∅ for each F ∈ U . Let 0 < ε < 1 and W ⊂ Z be such that W is open
in Z, h(B1) = (z0,0) ∈ W × [0, ε) ⊂ h(U) and W ∩ Y0 = ∅. Applying Claim 14(a)
again, there exists B4 ∈ C(κ2) such that h(B4) ∈ W × [0, ε). Let h(B4) = (z4, t4) and
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let B5 = h−1(z4,0). Then B5 ∈ C(κ2), B5 ∩B3 = ∅ and B5 contains an end point p5 of Y .
Thus p3 and p5 are end points of Y , p3,p5 ∈ κ2 and p3 
= p5. This contradicts Claim 14(c),
completes the proof of Claim 16 and ends the proof of the theorem. ✷
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